Abstract-Developing quantitative descriptions of how stimulant and depressant drugs affect the respiratory system is an important focus in medical research. Respiratory variables-respiratory rate, tidal volume, and end tidal carbon dioxide-have prominent temporal dynamics that make it inappropriate to use standard hypothesis-testing methods that assume independent observations to assess the effects of these pharmacological agents. We present a polynomial signal plus autoregressive noise model for analysis of continuously recorded respiratory variables. We use a cyclic descent algorithm to maximize the conditional log likelihood of the parameters and the corrected Akaike's information criterion to choose simultaneously the orders of the polynomial and the autoregressive models. In an analysis of respiratory rates recorded from anesthetized rats before and after administration of the respiratory stimulant methylphenidate, we use the model to construct within-animal z-tests of the drug effect that take account of the time-varying nature of the mean respiratory rate and the serial dependence in rate measurements. We correct for the effect of model lack-of-fit on our inferences by also computing bootstrap confidence intervals for the average difference in respiratory rate pre-and postmethylphenidate treatment. Our time-series modeling quantifies within each animal the substantial increase in mean respiratory rate and respiratory dynamics following methylphenidate administration. This paradigm can be readily adapted to analyze the dynamics of other respiratory variables before and after pharmacologic treatments.
I. INTRODUCTION
C HARACTERIZING the effects of stimulant and depressant drugs on respiration is an important question in medicine. For example, in patients requiring sedation in the intensive care unit as well as patients who are hospitalized following major surgery, a major side effect of most sedatives is respiratory depression [1] , [2] . Following major surgery, the most commonly used medications for treatment of postoperative pain are the opioids. Like sedatives, the most significant side effect of the opioids is respiratory depression [3] , [4] . Opioids administered by controlled infusions have been used to study respiratory dynamics [5] , [6] . When respiratory depression leads to respiratory failure, it is not unusual to administer the opioid antagonist, nalaxone [3] , [4] . A significant drawback of this treatment is that nalaxone also reverses the analgesic effects of the opioids [7] , [8] . The respiratory depressive effects of opioids can be significantly reversed while sparing their analgesic effects by administering an ampakine [2] , [9] . Other well-known respiratory stimulants include progesterone [10] , phosphodiesterase inhibitors [11] , dopaminergic agonists [12] , [13] , almitirine [14] , and doxapram [15] . Methylphenidate (MPH), the dopaminergic agonist more widely known as Ritalin, can induce emergence from general anesthesia [16] . An almost immediate physiological change observed prior to emergence from general anesthesia is a dramatic increase in respiratory rate.
A typical experiment entails making extensive measurements on respiratory variables such as respiratory rate, tidal volume, and carbon dioxide production on each subject before and after administration of the pharmacological agent [1] , [2] , [9] - [13] , [16] . Although the recording periods before and after drug administration usually last several minutes, these studies are only conducted on a few subjects. A standard analysis is to assess the effects of the drug by either performing a t-test on the average difference in the respiratory variables [11] - [13] , [16] , or a sign test on the signs of the average differences across subjects [1] . Repeated measures analysis of variance has been used when the objective is to determine an approximate doseresponse relation [2] , [9] , [10] .
This analysis approach has several shortcomings. First, using only a mean of a given respiratory variable to assess the state of the subject's respiratory system before and after treatment is inadequate because these variables often have strong temporal dynamics (see Fig. 1 ). Understanding these temporal dynamics, both time course and variability, can provide important information about the drug's effects on the respiratory system. Second, the measurements of the respiratory variables have strong serial dependence and the character of this dependence can be different pre-and postdrug administration. The effects of this serial dependence on the choice of the statistical analysis methods and the subsequent inference are not considered. Third, using either a t-test or a sign test reduces the amount of information in the study from several hundred observations per subject to a number of observations equal only to the small number of study subjects. Similarly, repeated measures analysis of variance loses information because the number of data points reduces to the number of subjects times the number of observation periods. Finally, because there can often be substantial between-subject differences in respiratory dynamics before and after drug administration, it is not clear that conducting an analysis that requires pooling across subjects will accurately provide a representative assessment of the respiratory physiology of the subjects before or after treatment.
Because the experimental data consist of many measurements pre-and posttreatment made on only a few subjects, a more principled analysis approach would be to develop a detailed statistical model for the pretreatment and the posttreatment conditions within subject. We used a constant mean plus autoregressive (AR) noise model to analyze respiratory rate pre-and postadministration of MPH [16] , [17] . The order of the AR model was chosen by corrected Akaike's Information Criterion (AICc) [18] , [19] . The analyses in [17] offered analytic insights into the effect of serial dependence in the measurements on the effective sample size. Although these analyses made improvements over current approaches, the use of the constant mean in the models both pre-and postdrug administration does not allow an accurate assessment of respiratory dynamics.
To address this problem, we represent the respiratory variable in the predrug and the postdrug conditions with different signal plus correlated noise models. We model the signal as a polynomial function of order R and the serial dependence as an AR model of order P . We develop an efficient cyclic descent algorithm to fit the model by maximizing the conditional log likelihood of the data. We choose the orders of the polynomial and the AR models using the AICc [18] , [19] . Standard errors for the parameters are computed both from an estimate of the inverse of the Fisher information matrix and by a bootstrap procedure to account for possible model lack-of-fit [19] . We derive a straight forward extension of the standard within subject z-test that takes account of both the time-varying nature of the mean and the serial dependence in the data. We apply the method in the analysis of data from a study in which anesthetized rats received MPH to assess its effects on the respiratory system [16] .
II. METHODS

A. Experimental Procedures and Respiratory Measurements
This study was approved by the Massachusetts General Hospital Animal Care Committee. Male Sprague-Dawley rats (Charles River Laboratories, Wilmington, MA) weighing 351-565 g were anesthetized in a custom built plethysmography chamber with isoflurane at a constant concentration of 1.5% in oxygen. After equilibration in the chamber for 30 min, normal saline was administered through a previously inserted tail vein intravenous catheter, 5 min prior to administering intravenous MPH at a dose of 5 mg/kg. We used a differential pressure transducer and demodulator to convert chamber pressure into an analog signal. The signal was high-pass filtered at 15 s, acquired at 100 Hz, analyzed in 4-sec epochs using a USB-6009 data acquisition board and LabView Software and converted into breaths per minute at 15 To describe the respiratory dynamics in our experiments, we assume a signal plus noise model in which the signal or time-dependent mean is represented as a polynomial of order R and the noise is represented as an AR process of order P . That is, let y t be the respiratory rate observed at time t for t = 1, 2, . . . , T . We, then, have
where the t are independent zero mean Gaussian random variables with variance σ 2 . We choose f and g to be −1 and 2 T +1 so that f + gt lies between −1 and 1 for t = 1, 2, . . . , T . Scaling f + gt between (−1, 1) helps insure the numerical stability of the polynomial evaluations during the estimation.
We let c = (c 0 , c 1 , . . . , c R ) and a = (a 1 , a 2 , . . . , a P ) . Then, our objective is to estimate the P + R + 2 dimensional parameter θ = a , c , σ 2 from the data y 1 , y 2 , . . . , y T . Because the dimension of θ needed to describe adequately the time series of respiratory rates may be large, we would like to develop an efficient estimation algorithm that can be used across a broad range of dimensions. Therefore, instead of maximizing the full likelihood of the parameter we simplify the calculation by conditioning on the first t 0 observations, i.e. {y 1 , y 2 , . . . , y t 0 }, for some t 0 ≥ P . It follows under the Gaussian assumption for the t that the conditional log likelihood of θ is
where we define y = (
We can maximize (3) with respect to both a i for i = 1, 2, . . . , P and c j for j = 0, 1, . . . R to obtain a maximum likelihood estimates of each of the parameters {a i , c j } in terms of the others. This structure in the problems suggests that an efficient approach to maximizing the conditional log likelihood in (3) is to use a cyclic descent algorithm [20] . Efficient implementations of cyclic descent procedures for signal plus noise models have been reported in [21] - [23] .
At iteration h a cyclic descent algorithm for our model iŝ
is the AR filtering of (f + gt) j , defined byû
which has to be updated when any a i or c j is updated, i.e.,ˆ
t−p for i = 1, 2, . . . , P . Since each parameter depends on the others, it is essential to use the best approximation of input parameters to obtain the best output parameters. The initial estimateĉ 
The cyclic descent algorithm is predicated on knowing the order of the polynomial R and the order of the AR process P . Because the model orders are unknown, we use the AICc defined as
is the conditional maximum likelihood estimate of θ for polynomial model order R and AR model order P .
2) Model-Based Inferences:
The model in (1) and (2) has a time-varying mean. Thus, in order to estimate the mean respiratory rate for the period before (after) injection of the MPH, we integrate the polynomial terms in our model in (1) between the initiation and the termination times of the before (after) periods. That is, we haveμ (10) and thusμ
where w = (0, . . . , 0, w p+1 , . . . , w p+1+R , 0) and w p+1+r = [(f +gT )
for r = 0, . . . , R. The variance of the estimated parameters is given by the inverse Fisher Information matrix which we estimate as the negative of the Hessian (observed Fisher Information) matrix evaluated atθ. Therefore, the approximate variance ofθ is I θ −1 [19] . It follows that the variance of the mean respiratory rate is given by
We can now test a hypothesis about the difference between the pre-MPH and the post-MPH mean respiratory rates. This z-statistic is
whereμ is defined in (11) and Var (μ) is given in (12) .
3) Bootstrap Analysis: In cases in which the chosen model has lack-of-fit, i.e., the polynomial plus AR model fails to capture all of the salient structure in the data, the observed Fisher Information matrix may not provide an accurate assessment of the parameter variances. To analyze the data in the setting of possible lack-of-fit due predominantly to the AR noise model, we use a bootstrap procedure [25] . Using the estimated errors, i.e., the residualsˆ , and the conditional maximum likelihood parameter estimates, we simulate multiple bootstrap samples and find the conditional maximum likelihood estimates of the parameters for each sample.
The bootstrap algorithm is 1) Draw * t , fromˆ with replacement, for t = −(b − t 0 ), . . . , T , where b is a positive number which is reasonably chosen as the burn-in period. For each set of parameter estimates, the value ofμ can be estimated as in (11) . A 95% confidence interval forμ is given by the 2.5th and the 97.5th percentiles of the bootstrap sample. Similarly, subtracting eachμ before from eacĥ μ after we obtain B * mean differences, a 95% confidence interval forμ after −μ before is given by 2.5th and the 97.5th percentiles of the mean differences. Drawing the errors from the empirical distribution defined by the residuals, allows us to evaluate the effect of lack-of-fit due to the AR model because this allows for possibility of larger errors (outliers), and as a result, larger parameter standard errors than would be predicted by the Gaussian white noise component of the AR model.
To conduct a hypothesis test of the difference in means using this bootstrap method, we examine if the 95% confidence interval ofμ after −μ before contains zero. We reject H 0 at significance level 0.05 if the interval does not contain zero and conclude that there is a significant effect of MPH on respiration. Fig. 1 shows the respiratory rate time series of the eight rats that we studied. While all eight animals had stable breathing patterns with very little excursion in their rates prior to injection of MPH, all showed a time-varying base line respiratory rate and much wider excursions following injection. The instantaneous respiratory rates range from 70 to 110 breaths per minute before injection and from 90 to 200 breaths per minute after injection. The changes in breathing patterns suggest a substantial change in the animals' physiologic states following injection of MPH.
III. ANALYSIS OF RESPIRATORY RATE TIME SERIES
A. Model Selection and Goodness-of-Fit Analysis
To choose the orders for the polynomial and AR components of the model for each animal, we evaluated the AICc for 160 models by considering P ranging from 0 to 15 and R from 0 to 9 (see Fig. 2 ). We identified for each animal a single pair of P and R (see Fig. 2 , Table I ). There was not a consistent pattern in the model orders before injection compared with after injection within or between animals. The only exception is that the orders for the AR components tended to be higher after injection. This agrees with our observation of increased variability in the respiratory rate following injection. Although we chose a single order for both components pre-and postinjection (see Fig. 2 , dark blue cell) the AICc surface in the neighborhood of the optimal pair tended to be flat (see Fig. 2 , light blue region) suggesting that models near the one we chose most likely had similar descriptive power.
The order of the AR component P was greater than or equal to 1 for all animals before and after MPH injection, suggesting that a simple analysis using only the mean respiratory rate to analyze the effect of this stimulant on breathing would not give an accurate assessment (see Fig. 3 , Table I ). Similarly, because only animals 1 and 6 had optimal AR orders of 0 (see Table I ) the white noise Gaussian assumption required for standard hypothesis testing is also not satisfied by the data in this experiment. In both the pre-and postinjection conditions, the polynomial components (see Fig. 3 , green curve) capture well for each animal the time-varying nature of the mean respiratory rate whereas the AR model describes well the variability about that time-varying mean. Together the polynomial and AR components (see Fig. 3 , red curve) capture the majority of the structure in the respiratory rate time series. We computed 95% confidence intervals for the residuals based on the empirical distribution of the residuals (see Fig. 4 , dashed horizontal bands, 2.5th and 97.5th percentiles) and based onσ 2 (see Fig. 4 shaded horizontal bands, ±1.96σ ). Before administering MPH, the residuals for each animal were well within the 95% limits for both types of confidence intervals (see Fig. 4 , dashed lines) In contrast, the residuals from the model fits after MPH had much wider variability and wider 95% confidence intervals of both types despite the fact that respiratory rates were recorded for longer periods after injection. In addition to being larger, a greater fraction of the postinjection residuals (6%) fell outside of both sets of 95% confidence intervals. Nevertheless, the autocorrelation function analyses showed that these residuals were uncorrelated for each animal (analysis not shown). Our Q-Q plot analyses (not shown) showed that the empirical distributions of the residuals were symmetric. However, for several of the animals post-MPH, these distributions had heavier tails-due to the outliers in Fig. 4 -than Gaussian distributions. We conclude that there is some lack-of-fit of the AR component of our model. Nevertheless, the residuals clearly illustrate the change in respiratory dynamics and physiologic state in each animal following injection of MPH. The variability in animals 1 and 6 resembles their variability preinjection. Animals 2, 3, and 7 show substantially increased variability postinjection, whereas animals 4, 5, and 8 show little to no change in variability immediately following the MPH injection and develop more variability several minutes later.
B. Effect of MPH on Respiratory Rate
The goal of the model fitting was to analyze for each of the eight animals the effect of MPH on respiratory rate (see Tables I and II) . The increases in the mean respiratory rates ranged from 11 to 51 breaths per minute. All of these increases were statistically significant (p < 10 −5 ) based on the z-test derived in (11) to (13) . To assess the effect of model lack-of-fit on this inference, we also performed bootstrap analyses of the mean increases in respiratory rates by drawing for each animal B * = 200 bootstrap samples. The widths of the 95% bootstrap confidence intervals for the mean increases ranged from 1.94 to 9.37 breaths per minute (see Table II ). The distance between the lower bound of these intervals and 0-the point of no effectranged from 7 to 50 breaths per minute confirming that MPH induces a substantial increase respiratory rate in anesthetized rats.
In nearly all of the animals the increase in minute ventilation following MPH administration were due almost entirely to the increases in respiratory rates as their tidal volumes were unchanged. Therefore, we did not analyze minute ventilation or tidal volume.
C. Standard Errors of the Model Parameters
We transformed the time axis to the interval from (−1,1) to ensure numerical stability of the polynomial evaluations during the estimation. As an indicator of the algorithm's performance, we report the model parameters and associated standard errors post-MPH administration for Animal 5 (see Table III ) as a representative example. The AR parameters are on the order of 10 −1 whereas the polynomial coefficients are on the order 10 2 . With the exception of c 4 , c 5 , and c 7 , the ratios of the coefficients to the standard errors suggest that all estimates are statistically significant. This is consistent with our ability to compute standard errors forμ (see Table I ) for all animals pre-and post-MPH administration. Our ability to compute reasonable standard errors for the parameter estimates suggests that the final Hessian matrix is negative definite and at least consistent with the parameter estimates being from a local maximum of the conditional log likelihood.
D. Convergence of the Cyclic Descent Algorithm
In a preliminary analysis of these data fit with a mean plus AR(1) noise model, the cyclic descent algorithm converged in 20 or fewer iterations [17] . To give a sense of the algorithm's convergence behavior for our larger models, we analyzed the convergence of the mean estimates (11) before and after injection (see Fig. 5 ). These analyses show that in each case, the initial mean estimate was within 0.2 of the final estimate and the algorithm was close to the final estimate within 100 iterations.
IV. DISCUSSION
We have introduced a polynomial plus AR noise model to show how more informative studies of the effects of pharmacologic agents on respiratory variables can be accomplished by using detailed statistical modeling. To illustrate our approach, we analyzed the stimulant effects of MPH on the respiratory rates of anesthetized rodents. We used a cyclic descent algorithm to fit the model and the AICc criterion to choose the polynomial and AR orders. Our time-series models provided accurate descriptions of the time-varying mean and the serial dependence in these respiratory rate measurements pre-and postadministration of MPH that laid the basis for a likelihood-based framework for formal inference. We computed model standard errors and confidence intervals using the inverse of the observed Fisher information matrix and a bootstrap procedure. The two types of standard errors and confidence intervals were in agreement. However, by using the bootstrap, we took account of the model lack-of-fit in the error assessment. Our approach provides several advantages over current analyses. First, because the polynomial model captured well the timevarying nature of the mean respiratory rate present in nearly all of the animals both before and after injection of MPH, our analysis makes clear that the standard assumption of a constant mean respiratory rate in both conditions is not accurate. Second, the AR models rather than simple independent Gaussian error models gave the best descriptions of the serial dependence in the data across all of the animals in both conditions. Third, by developing a detailed model for each study subject, we were able to make inferences about the effects of MPH on the respiratory rate of each animal using a z-test (11) that took account of both the time-varying nature of the means and the serial dependence in the recordings. We conclude that a positive effect of MPH on mean respiratory rate (see Tables I and II) is strongly present in each animal. Hence, it follows trivially that the positive effect is present for the group. The ranges of the 95% confidence intervals for the true mean differences across animals computed from the inverse of the observed Fisher information matrix and the bootstrap analysis agree and provide informative assessments of the magnitudes of the between animal differences in the effects of the drug. In this case, either of the two standard errors could be used to compute an appropriately weighted estimate of the mean difference across the group. These within and across animal assessments and inferences would not be possible from a group analysis based on a simple t-test or the sign test. Finally, the fits of the polynomial plus AR noise model (see Fig. 3 ) and the residual analysis (see Fig. 4 ) provide a quantitative assessment of a feature in the data (see Fig. 1 ) that has not been considered. The physiological effect of MPH is not only a time-varying increase in the respiratory rate but also, for most of the animals, an increase in the variability of those time-varying rates. Overall, our analyses offer additional details to the study of the effects of MPH on respiration [16] .
Although scaling the time interval helped ensure the numerical stability of the polynomial fitting, use of spline models or orthogonal basis functions [26] offer another approach that may be more tractable across a wider set of experimental conditions and respiratory variables. The heteroscedastic nature of the dynamics in these respiratory rate recordings is not completely described in the current analysis and is the source of the lackof-fit of the AR component. Using GARCH models [27] , [28] to represent the correlated noise may offer one approach to improving this aspect of our analyses. Alternatively, for a more first principles approach, we can return to the plethysmography recordings and reanalyze these data using local regression methods or state-space modeling approaches to compute respiratory rates and make inferences using a single framework [26] . These methodological studies as well as the application of the current approach to other respiratory variables will be topics of future reports.
